Abstract. We consider local convexity properties of balls in the Apollonian and Seittenranta's metrics. Balls in the Apollonian metric are considered in the twice punctured space and starlike domains. Balls in Seittenranta's metric are considered in the twice punctured space and in the punctured ball.
Introduction
During the past few decades the hyperbolic and, more generally, the hyperbolic type distances have been studied by many authors in the context of metric spaces such as the Euclidean and Banach spaces [Kl1, Kl2, Kl3, Kl4, KRT, MV, RT, Va1, Va2] . The purpose of this paper is to study the geometry of balls defined by two Möbius invariant distances in the Euclidean space.
The first distance, the Apollonian distance, was first introduced in [Ba] and later reintroduced in the context of the hyperbolic distance by A.F. Beardon [Be] . The Apollonian distance has recently been studied as a metric [H1, H2, H3, I2] , in connection with quasiconformal mappings [GH] , and uniform and John domains [WHPC, WHPS] .
The second distance, Seittenranta's distance was introduced in 1999 by P. Seittenranta [S] and was based on the observations in [Vu1] . It has also been studied recently in [H2, H3, HIL] . Note that α G is a metric if and only if ∂G is not contained in a sphere in R n [Be, Theorem 1 .1].
Theorem 1.2.
(1) Let G = B n \ {0}, x ∈ G and r 0 = log(1 + 1/(1 − |x|)). Then B δ (x, r) is convex for all r ∈ (r, r 0 ] and is not convex for r > r 0 .
(2) Let G = R n \ {x 1 , . . . , x m }, m ≥ 2 and x 1 = x 2 , x ∈ G and r > 0. Then
In this paper we will introduce known results and some preliminaries in Section 2. In Section 3 we concentrate on the Apollonian metric balls. We consider B α (x, r) in the twice punctured space R n \ {a, b} and domains, which are starlike with respect to x. In Section 4 we study Seittenranta's metric balls in twice punctured space and in the punctured unit ball B n \ {0}.
Preliminary results
A domain G R n is starlike with respect to x ∈ G if for all y ∈ G the line segment [x, y] is contained in G and G is strictly starlike with respect to x if each half-line from the point x meets ∂G at exactly one point. Clearly (strictly) convex domains are (strictly) starlike with respect to any point.
The cross-ratio is Möbius invariant, which means that for each Möbius transformation f we have |a, b, c, d|
For a distance d in G we define the metric ball for x ∈ G and r > 0 by
The Euclidean balls and spheres we denote by B n (x, r) and S n−1 (x, r), respectively. We denote the unit ball B(0, 1) by B n and the upper halfspace by H n = {z ∈ R n : z n > 0}. The hyperbolic distance in the unit ball B n and in the upper half-space H n are denoted by ρ B n and ρ H n , respectively. For x, y ∈ R n and r > 0 we define the Apollonian ball and sphere, respectively, to be 
From the definition it is also easy to verify that the Apollonian distance is monotone with respect to the domain, i.e., for all x, y ∈ G ⊂ G we have
The following proposition shows that Seittenranta's distance is also monotone with respect to the domain. 
Next we introduce a result that can be used to estimate metric balls B α and B δ .
Proof. We show that for all x, y ∈ G
Because G ⊂ R n \ {a, b} for all a, b ∈ ∂G by (2.3) and (2.5) we have
and thus
On the other hand, for some a, b ∈ ∂G with a = b we have
and (2.7) holds.
Let us fix two distinct points x, y ∈ R n and a radius r > 1. Then the union of the Apollonian balls B r x,z for z ∈ [x, y] form an "ice cream cone". This observation is stated formally in the following lemma.
Lemma 2.8. Let x, y ∈ R
n with x = y and r ∈ (0, 1). Then
Proof. We show that x+s(y−x) , we show that the ratio of c and |x − b| is a constant. By (2.1)
Thus the union of the Apollonian balls B r x,x+s(y−x) is an angular domain with (a, x, y) < arcsin r. By the Pythagorean theorem and (2.1)
and the assertion follows. 
for all x ∈ H n , r > 0, and by [Vu1, (2.22) ]
, for r > log 2.
By Example 2.9, [Kl1, Theorem 3 .1] and [Kl1, Theorem 3 .4] we collect the following result.
Proposition 2.10. (1) Let G ∈ {B
n , H n } and x ∈ G. Then B α (x, r) and B δ (x, r) are strictly convex for all r > 0.
(2) Let a ∈ R n , G = R n \ {a}, x ∈ G, r c = log 2 and r s = log(1 + √ 2). Then B δ (x, r) is (strictly) convex for r ∈ (0, r c ] (r ∈ (0, r c )) and (strictly) starlike with respect to x for r ∈ (0, r s ] (r ∈ (0, r s )).
Balls in the Apollonian metric
By the definition we have y,x ⊂ G determine the Apollonian distance α G (x, y) = log(r xy r yx ).
The supremum in the definition of α is obtained only when G is contained in a half-space H and there exists G ⊂ G such that G ⊂ ∂H and diam G = ∞.
Next we consider Apollonian distance in the domain G = R n \ {−e 1 , e 1 }. Note that α G is not a metric in this domain. Especially, for x ∈ G and a = |x+e 1 |/|x−e 1 | we have α G (x, y) = 0 for 
Let us assume that c < 1 and d ≥ 1. Now also a > 1. Because
is equivalent to (ae r + 1)/(ae r − 1) < (a + 1)/(a − 1) and Let y, z ∈ R n with y = z, G = R n \ {y, z}, x ∈ G and r > 0. We denote
Moreover, the complement of B α (x, r) is always disconnected.
(2) By Theorem 2.6 and (1) we can find a formula for the Apollonian metric balls in the domain R n \ G, where G = {x 1 , . . . , x m } with m ≥ 2 and x 1 = x 2 .
Next we consider Apollonian metric balls in starlike domains G R n . In convex domains the Apollonian distance is always a metric. 
(2) In Theorem 4.2 (and the above generalization) the radius r 0 (r 1 ) is sharp in the sense that for r ∈ (0, r 0 ) (r ∈ (0, r 1 )) the metric balls B δ (x, r) are strictly convex.
(3) Note that B δ (x, r) is not starlike for r > r 0 (r 1 ) in Theorem 4.2 (in the above remark (2)).
Proof. The assertion follows from the fact that the intersection of convex domains is convex, Theorem 2.6 and Remark 4.3 (1).
Note that the radii r 0 in Theorem 4.2 and r 1 in Remark 4.3 (1) are sharp, but the radius in Corollary 4.4 is not sharp in general. An example of Corollary 4.4 is represented in Figure 3 . Proof. By symmetry it is sufficient to consider only the case n = 2. We first prove the claim for the set A. The relation y ∈ A is equivalent to log(1 + (|x − y|)/(|y|(1 − |x|)) < r, which is equivalent to (4.6) c|x − y| < |y|, where c = 1 (e r − 1) (1 − |x|) .
By (4.6) the set A = B c x,0 and by (2.1) it is convex if and only if c ≥ 1. Because c ≥ 1 is equivalent to r ≤ log(1 + 1/(1 − |x|)) the assertion for the set A follows.
We then prove the claim for the set B. Let y ∈ ∂B. Then the equality log(1 + |x − y|/(|x|(1 − |y|))) = r is equivalent to (4.7)
where c = |x|(e r − 1). We denote β = (e 1 , x, y) ∈ [0, π] . By the law of cosines we have
By combining (4.7) and (4.8) we obtain
and we denote f (β) = |x − y|, if c = 1, and g(β) = |x − y|, if c = 1. We show that f (β) and g(β) are increasing, which implies that B is strictly convex.
We easily obtain that
and therefore f (β) is increasing. By a straightforward computation we get
Since h(β) > (<)0 is equivalent to c 2 − 1 > (<)0 we conclude that g (β) ≥ 0 and thus g(β) is increasing. Proof. Let y, z ∈ G, y = z, and denote by C the circle (or line, if y and z lie on the same diameter) that contains y and z and is perpendicular to ∂B n . Now l = C ∩ B n is the hyperbolic line with y, z ∈ l. We denote {y * , z * } = C ∩ ∂B n and assume that |y − y * | < |z − y * |. Now we have
and therefore
where A and B are as in Lemma 4.5 and C = B δ B n (x, r). By Lemma 4.5 and Example 2.9 (1) both B and C are always convex. Since A is convex for r ∈ (0, r 0 ] by Lemma 4.5, also B δ G (x, r) is convex as the intersection of three convex domains. Finally, we show that the radius r 0 is sharp. We denote y = ∂B δ G (x, r) ∩ l, where l is the line segment from x to the origin. We show that for small ε we have B n (y, ε) ∩ B δ G (x, r) = B n (y, ε) ∩ A, which implies by Lemma 4.5 that B δ G (x, r) is not convex. We denote r A = log(1 + |x − y|/ (|y|(1 − |x|) )), r B = log(1 + |x − y|/(|x|(1 − |y|))) and r C = δ B n (x, y). We show that r A > max{r B , r C }, which implies the sharpness of r 0 . Inequality r A > r B is equivalent to |x| > |y|, which is true by the selection of y. Because r C = log(1 + 2|x − y|/((1 + |y|)(1 − |x|))) it is easy to see that r A > r C is equivalent to |y| < 1, which is true as y ∈ G.
An example of Theorem 4.9 is represented in Figure 3 . (2) If G R n is a starlike domain with respect to x ∈ G, is B δ (x, r) starlike with respect to x for all r > 0?
